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1 Introduction

We derive a dynamic model of the firm in closed-form that can be used for actual firm valuation.

To test its empirical validity, we price firms currently in the S&P 100 Index and evaluate the

results from different perspectives. First, we find that the model produces consistent forecasts of

stock prices. That is, we compute the ratio of the actual market prices to the values predicted

by our model and its median (mean) value turns out to be 1.01 (1.12). Second, we investigate

the proportion of the variation in current stock prices that our model estimates can explain.

We find that our value estimates explain around 75% of the variation in current market prices.

However, we also find that there are temporary or short-run deviations between market prices and

model estimates that can be economically exploited with simple buy-and-hold portfolio strategies.

Overall, these results suggest our model is a promising pricing tool.

The dynamic model we derive in this article links two different strands of literature, namely,

dynamic programming models of the firm and firm valuation models. The former have been

used extensively in corporate finance to explain firm behavior.1 Our model differs from this

literature in three fundamental ways, making it particularly useful for asset pricing purposes.

First, a problem with that literature is the usual assumption that shareholders are risk-neutral.

This assumption results in dynamic programming models of the firm that do not incorporate

the risk of the firm and, therefore, would produce biased stock prices if they were used for firm

valuation. Alternatively, we invoke the separation principle, which states that managers maximize

shareholders’wealth by undertaking the investments that maximize firm value, independently of

equity-holders’personal preferences. Thus, our approach does not require any assumption about

shareholders’utility functions, as long as we discount future cash flows with an appropriately

risk-adjusted discount rate.2 Dixit and Pindyck (1994) suggest the possibility of using dynamic

programming techniques for firm valuation. We believe our paper is one of the first attempts

in this direction.3 Second, virtually all dynamic programming models of the firm in corporate

1Strebulaev and Whited (2012) provide a comprehensive review of this growing literature.
2See, for example, Copeland, Weston, and Shastri (2005) for a more complete discussion of the separation

principle.
3As it is common with other valuation models (e.g., the Black-Scholes formula), we do not introduce adjustment

or transaction costs to our model.
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finance do not allow firms to grow in the long-run. We overcome this important drawback by

introducing secular growth, which could be interpreted as the possibility of the firm to take

advantage of new, profitable investments in the future. As documented by Lazzati and Menichini

(2014a), long-run growth can account for more than 30% of the value of the firm, and it is of

particular importance for certain industries, such as manufacturers of chemical products and

industrial machinery, and providers of communication services (Jorgenson and Stiroh (2000)).

Third, our model is simpler than most existing dynamic programming models of the firm and we

are able to solve it in closed-form, which substantially simplifies its practical implementation.4

Our paper is also related to the literature on firm valuation models. Generally accepted

valuation models include the dividend discount model (DDM), the discounted cash flow model

(DCFM), and the residual income model (RIM).5 There are two issues that often affect the

practical implementation of the aforementioned models. First, those methods typically involve

forecasting future values for a finite number of years. The implementation diffi culty stems from

the fact that the user needs to project sales, costs, and other items that form the cash flows

required by the model, and standard valuation models do not offer a clear guide on how to do

this task. Second, they also require predicting a terminal or continuation value, which represents

the value of the firm at the end of the forecast horizon. This terminal value often represents a

large part of the current value of the firm and is usually based on ad hoc calculations. Our model

can be regarded as a dynamic version of the DDM. It solves the problems described above by

yielding the stock price (i.e., and the future cash flows) as an analytic function of the economic

fundamentals of the firm (e.g., the volatility and mean-reversion of profits, the depreciation rate,

4A further contribution regarding the literature on dynamic programming models is the explicit description of

the role of the parameter representing the drift in the profit process as a regulator of the size of the firm. We

explain our contribution regarding this parameter in detail in Section 2.
5The DDM is attributed to Williams (1938), while the DCFM is described in detail by Copeland, Weston,

and Shastri (2005), and Koller, Goedhart, and Wessels (2010), among others. The RIM was originally introduced

by Preinreich (1938) and Edwards and Bell (1961), and more recently extended by Ohlson (1991, 1995). While

theoretically equivalent, the three valuation models differ with respect to the information used in their practical

implementation. The DDM uses the future stream of expected dividend payments to shareholders. The DCFM is

based on some measure of future cash flows, such as free cash flows. Finally, the RIM uses accounting data (e.g.,

current and future book value of equity and earnings).
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and the elasticity of capital). This analytic solution leads, in turn, to a new approach to firm

valuation that involves only two steps. First, model parameters must be calibrated or estimated

using historical financial statements, and we offer a clear guide on how to obtain them. Second,

using only contemporaneous and observable information, such as the current values of book equity

and gross profits, our model estimates the stock price by solving systematically for the infinite

sequence of expected future dividends. In other words, the user does not need to estimate either

future cash flows or an arbitrary terminal value.6

Several papers have studied the empirical performance of the standard pricing models. For

instance, Kaplan and Ruback (1995) study the ability of the DCFM to explain the observed

market values of 51 highly leveraged transactions. They find that the model produces estimates

that are, on average, within 10% of the market prices. Bernard (1995) compares the ability of the

DDM and RIM to explain the observed variation in stock prices. He finds that the RIM explains

68% of the variability in market values and outperforms the DDM, which can only explain 29%

of such variation. Frankel and Lee (1998) test the RIM empirically and find that the model

estimates are highly correlated with current stock prices. Copeland, Weston, and Shastri (2005)

test the validity of the DCFM using a sample of 65 firms and find that the model produces value

estimates that are quite close to market values. As in these papers, we find that our dynamic

valuation model yields equity value estimates that are, on average, very close to market values.

Specifically, the median (mean) distance between estimated values and market prices is only 1%

(12%). In addition, we regress the market value of equity on the value estimated by the model

and find that the latter can explain a large fraction of the variability of the former (around 75%).

The main advantage of our approach over that literature is, as we described above, the objectivity

and simplicity of its implementation.

While we show that our estimates are, on average, very close to market values – providing

some support to the hypothesis of effi cient markets in the long-run– we also find temporary

deviations between stock prices and model estimates. We then implement simple buy-and-hold

portfolio strategies that take advantage of those deviations. The former consist in ranking firms

6A further feature of our valuation approach is that it can be easily converted into an n-stage dividend discount

model by properly adjusting the future growth rates. In this way, the model can account for different stages of

growth in the life of the firm.
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based on their ratios of market prices to model estimates, then forming quintile portfolios based

on those ratios, and finally buying the firms in the lowest quintile portfolio and selling the firms

in the highest quintile portfolio. Our results show that those strategies earn, on average, around

22%, 37%, and 49% returns after one, two, and three years of portfolio formation, respectively.

As benchmark, we calculate the returns of portfolios constructed according to the market-to-book

ratio and find that they yield around 18%, 28%, and 29% returns in the same periods. That is,

our portfolio strategy consistently outperforms that based on the market-to-book ratio.

Finally, it is also relevant to highlight that, while we use publicly available stock prices to

assess our model estimates, there are many situations in which market prices are not available.

These include, for instance, the valuation of private companies such as Koch Industries and

Cargill, the pricing of IPOs such as Facebook in 2012 and Alibaba Group Holding in 2014, and

even the assessment of firms’new investment projects. Our method could be used in all these

cases, as long as data on financial statements are available.7

The paper is organized as follows. In Section 2, we derive a dynamic version of the DDM in

closed-form. In Section 3, we describe the data and the calibration of model parameters. The

results from the empirical tests of our model are in Section 4. Section 5 concludes. Appendix 1

contains a sensitivity analysis of the valuation results, while Appendix 2 contains the proofs.

2 A Dynamic Dividend Discount Model

In this section, we derive a dynamic version of the standard DDM in closed-form. We solve

the problem of the firm (i.e., share price maximization) using discrete-time, infinite-horizon,

stochastic dynamic programming within the context of the Adjusted Present Value (APV) method

introduced by Myers (1974).

The life horizon of the firm is infinite, which implies that shareholders believe it will run

forever. The CEO makes investment and financing decisions at the end of every time period

7Complementing the results in this article, Lazzati and Menichini (2014b) show that this model also explains

numerous important regularities documented by the empirical literature in corporate finance. For instance, it

rationalizes the negative association between profitability and leverage, the existence and characteristics of all-

equity firms, and the inverse relation between dividends and investment-cash flow sensitivities.
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(e.g., month, quarter, or year) such that the market value of equity is maximized.8 (In this

paper, we write a tilde on X (i.e., X̃) to indicate that the variable is growing over time.) Variable

K̃t represents the book value of assets in period t. The assets of the firm K̃t will vary (i.e.,

increase or decrease) over time, reflecting the investment decisions. In each period, installed

capital depreciates at constant rate δ > 0. The debt of the firm in period t, D̃t, matures in one

period and is rolled over at the end of every period.9 We assume the coupon rate cB equals the

market cost of debt rB, which implies that book value of debt D̃t equals market value of debt B̃t.10

The amount of outstanding debt B̃t will increase or decrease over time according to financing

decisions. Similar to DeAngelo, DeAngelo, and Whited (2011), we assume debt remains risk-

free over the firm’s life. This assumption aims to capture the phenomenon of debt conservatism

documented by Graham (2000). Lazzati and Menichini (2014b) show that this model generates

leverage predictions that are consistent with several key results reported by the capital structure

literature. In addition, this feature allows us to obtain an analytic solution for the model.

We introduce randomness into the model through the profit shock zt. It is common in the

corporate finance literature to assume that random shocks follow an AR(1) process in logs

ln (zt) = ln (c) + ρ ln (zt−1) + εt (1)

where ρ ∈ (0, 1) is the autoregressive parameter that defines the persistence of profit shocks. In

other words, a high ρ makes periods of high profit innovations (e.g., economic expansions) and

low profit shocks (e.g., recessions) last more on average, and vice versa. The innovation term

εt is assumed to be an iid normal random variable with mean 0 and variance σ2. Constant

c > 0 is a drift in logs that scales the moments of the distribution of zt. This parameter has a

direct impact on expected profits and, thus, regulates the size of the firm.11 It is common in the

corporate finance literature to normalize c to 1, which allows for the study of representative firms

but undermines any valuation attempt as the estimated prices result strongly biased. Given that

8We use the terms market value of equity, share price, and stock price interchangeably in this paper.
9Alternatively, D̃t could be interpreted as a perpetuity that the firm increases and decreases as needed at the

end of every period.
10 It is straightforward to generalize this component and assume a coupon rate cB different from the market cost

of debt rB . Without any loss of generality and to simplify notation, we assume they are equal.
11Another way to regulate firm size is to use a constant (e.g., A) as a factor in equation (2).
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our objective is to evaluate the pricing performance of this model with actual firms, we do not

do such normalization.

Gross profits in period t are defined by the following function

Ỹt = (1 + g)
t(1−α) ztK̃

α
t (2)

where zt is the profit shock in period t and parameter α ∈ (0, 1) represents the elasticity of capital

input. The level of technology in period t takes the form of (1 + g)t(1−α), which implies the firm

grows at constant rate g ≥ 0 in each period. With this factor, the firm becomes a scaled up

replica of itself over time, and we use this feature in a normalization of growing variables that is

required to solve the problem of the firm. Equation (2) says that gross profits also depend on a

Cobb-Douglas production function with decreasing returns to scale in capital input.12

Every period, the firm pays operating costs fK̃t (with f > 0) and corporate earnings are

taxed at rate τ ∈ (0, 1). Therefore, the firm’s net profits in period t are

Ñt =
(
Ỹt − fK̃t − δK̃t − rBB̃t

)
(1− τ) . (3)

Finally, the restriction (f + δ) (1− τ) ≤ 1 guarantees the market value of equity is weakly pos-

itive.13 With all the previous information, we can state the cash flow that the firm pays to

equity-holders in period t as

L̃t = Ñt −
[(
K̃t+1 − K̃t

)
−
(
B̃t+1 − B̃t

)]
. (4)

Equation (4) implies that the dividend paid to shareholders in period t equals net profits minus

the change in equity. We let rate rS represent the market cost of equity and rate rA denote the

market cost of capital. For existence of the market value of equity, we impose the usual restriction

that the secular growth rate must be lower than the market cost of capital (i.e., g < rA). Given

12Equation (2) can take on only (weakly) positive values. However, the model can be easily extended to allow for

negative values of gross profits by subtracting a random variable as a proportion of assets (e.g., ηaK̃t) in equation

(2), where η is a Bernoulli random variable and a is a positive constant. While the model still has a closed-form

solution, we do not introduce that feature because we do not observe negative profit shocks among the firms in our

sample.
13From a practical perspective, if we use the present model letting (f + δ) (1− τ) > 1, the probability of a

negative share price is almost zero for standard values of the parameters.
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the current state of the firm at t = 0,
(
K̃0, B̃0, z0

)
, the problem of the CEO is to choose an infinite

sequence of functions
{
K̃t+1, B̃t+1

}∞
t=0
, such that the market value of equity is maximized. We

let E0 indicate the expectation operator given information at t = 0 (i.e., K̃0, B̃0, z0). The stock

price can thereby be expressed as

S̃0

(
K̃0, B̃0, z0

)
= max
{K̃t+1,B̃t+1}∞t=0

E0
∞∑
t=0

1∏t
j=0

(
1 + rSj

) L̃t (5)

subject to the restriction of risk-free debt. Formally, we say debt is risk-free if, in every period,

the after-shock book value of equity is weakly positive. In other words, net profits plus the sale

of assets, Ñt + K̃t, must be suffi cient to cover debt, B̃t. This condition is equivalent to a weakly

positive net-worth covenant. This type of covenant is often used with short-term debt contracts

(see, e.g., Leland (1994)), and fits nicely with the one-period debt in our model.

We solve the problem in equation (5) and find the following closed-form for the stock price.

Proposition 1 The market value of equity is

S̃t

(
K̃t, B̃t, zt

)
=
[
(1 + g)t(1−α) ztK̃

α
t − fK̃t − δK̃t − rBB̃t

]
(1− τ) + K̃t − B̃t + G̃t (zt) (6)

where the going concern value is G̃t (zt) = M̃t (zt)P
∗. Variable M̃t (zt) is given by

M̃t (zt) = (1 + g)
t e
− 1
2
σ2 α

(1−α)2
∑∞

n=1

(
1 + g

1 + rA

)n
E
[
z
1/(1−α)
t+n |zt

]
(7)

with the general term

E
[
z
1/(1−α)
t+n |zt

]
=

c 1−ρn1−ρ zρ
n

t e
1
2
σ2
(1−ρ2n)
(1−ρ2)

1
(1−α)

 1
1−α

, n = 1, 2, ... (8)

and variable P ∗ takes the form

P ∗ =
(
W ∗

α − fW ∗ − δW ∗
)
(1− τ)− rAW ∗ +

(
1 + rA
1 + rB

)
rBτ`

∗W ∗ (9)

with

W ∗ =

(
α

rA
1−τ + f + δ

) 1
1−α

and `∗ =
1− (f + δ) (1− τ)
1 + rB (1− τ)

. (10)
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The proof of Proposition 1 is in Appendix 2. Lazzati and Menichini (2014a) provide a detailed

description of each of their components.

The market value of equity is shown in equation (6) and represents an analytic solution of the

Gordon Growth Model in the dynamic and stochastic setting. The first three terms in equation

(6) represent the after-shock book value of equity, while the last term, G̃t (zt), is the going-concern

value. The latter depends on variable M̃t (zt), which captures the effect of the infinite sequence

of expected profit shocks, and on variable P ∗, which denotes the dollar return on capital minus

the dollar cost of capital at the optimum (plus the interest tax shields).14 The going-concern

value shows that our model does not require the forecast of future values or the computation

of a terminal value. Using only information about the current state (i.e., current book value of

equity and gross profits), our model solves systematically for the full sequence of expected future

dividends. Furthermore, function M̃t (zt) suggests that our model can become an n-stage dynamic

DDM if we substitute the growth rate g on the numerator of the discount factor appropriately.15

In the next section, we describe our sample and the calibration of model parameters. We

subsequently use this information to confirm the empirical validity of our valuation method.

3 Data and Calibration of Model Parameters

Our original sample contains the 100 firms included in the S&P 100 Index in March 2014. We

construct this sample using two data sources. Historical accounting data are obtained from the

Compustat annual files, while the corresponding stock price data are obtained from the CRSP

14We obtain M̃t (zt) in the following way. Let A0 = 0 and, for n = 1, 2, ...,

An = An−1 +

(
1 + g

1 + rA

)n
E
[
z
1/(1−α)
t+n |zt

]
.

Then, we iterate the previous recursion until convergence (i.e., until An = An−1 = A). Finally, we compute M̃t (zt)

as

M̃t (zt) = (1 + g)t e
− 1
2
σ2 α

(1−α)2 A.

15Equation (6) only includes the interest tax shields as financing side effects. The original formulation of APV in

Myers (1974) also allows for other components of the financing side effects, such as the issue costs of new securities

and the costs of financial distress.
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monthly files. The sample covers the period 1990-2013. For most of those firms (e.g., Coca-Cola

and Boeing) we obtain data from Compustat and CRSP from 1990 through 2013. For some

newer firms we obtain data starting in a later year (e.g., 2002-2013 for Google and 2007-2013

for Facebook). We use the historical data for each firm to estimate its own parameters (e.g., we

employ the data on Caterpillar to obtain the parameters to be used in the valuation of Caterpillar

and so on for every other firm.) In all our empirical analyses, we ensure that accounting data are

known at the time the stock price is set in the exchange. Thus, we use the share price observed

five months later than the fiscal-year-end of the firm. For instance, we match the accounting data

of a December year-end firm with its closing stock price at the end of May of the following year.16

We use the data from the previous sample to calibrate parameters c, ρ, σ, α, f, δ, τ , rB, rA, and

g for each firm in the S&P 100 Index. In order to obtain parameter f , we average the ratio

Selling, General, and Administrative Expense (XSGA)/Assets - Total (AT) for each firm. We

follow the same procedure to get δ as the ratio of Depreciation and Amortization (DP) over

Assets - Total (AT), and τ as the fraction Income Taxes - Total (TXT)/Pretax Income (PI).

Similar to Moyen (2004), we obtain parameters c, ρ, σ, and α for each company using the firm’s

autoregressive profit shock process in equation (1) and the gross profits equation (2). The data

we use with these equations are Gross Profit (GP) and Assets - Total (AT). We use a risk-free

interest rate (rf = rB) of 0.03 for all firms, which is close to the average 1-year T-Bill yield for

the sample period. We follow the procedure described by Kaplan and Ruback (1995) to obtain

the market cost of capital. That is, we derive rA using CAPM after unlevering the equity beta

and assuming an expected market risk premium of 0.06. Finally, we assume the long-run growth

rate g is 0.03 for all firms.17

After calibrating model parameters, we check the consistency of their values with the assump-

tions made by the model in Section 2. We find that some firms have an elasticity of capital (α)

above one, while the model constrains that parameter to be between zero and one (i.e., decreasing

16Regarding the buy-and-hold strategy, all firms are present every time we purchase or sell them (i.e., no firm

leaves the sample while the strategy is in place). Therefore, we believe the sample does not suffer from a survivorship

bias problem.
17Computing parameter g for each firm would probably yield better results than those reported in the present

study. In addition, using the model as an n-stage dynamic DDM could improve results even more.
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returns to scale in capital input in the production function in equation (2)). We exclude these

firms, which add up to 40. We do not find problems with the other parameters. In addition,

we exclude firms with missing data and financial firms (i.e., SIC between 6000 and 6999). After

these filters, the final sample includes 1,035 firm-year observations, which implies an average of

45 firms per year.

4 Empirical Results

In this section, we study two different aspects of the dynamic model we offer. First, we analyze

the consistency between the model estimates and market prices (i.e., how close are the predicted

values by our model to the actual market prices on average). Complementing that analysis, we

examine how much of the observed variation in contemporaneous share prices is explained by the

model estimates. Second, we investigate the possibility to use our model to predict future stock

returns and, thus, exploit the differences between those two values.

4.1 Explanation of Contemporaneous Stock Prices

We start studying the consistency between model estimates and market prices. To this end, for

each firm-year observation in the sample, we construct the market-to-value ratio (P/V), which is

the market value of equity (P) divided by the equity value estimated by the dynamic DDM (V).

Table I reports the summary statistics for this ratio. Panel A shows that the median of P/V is

1.01, which is quite close to the desired value of 1. This result implies that the median observation

of the market value of equity is 1% larger than the median dynamic DDM estimate. The mean of

P/V has a value of 1.12. We believe the difference between the mean and the median is reasonable

because the market-to-value ratio is bounded below at zero but unbounded above, which creates

a distribution of P/V that is skewed to the right. Panel B in Table I presents different measures

of central tendency. For instance, it shows that 24.09% of the estimated values are within 15%

of the market value of equity. Finally, the second column in Table I presents the same statistics

using the log of P/V, which could be interpreted as the percentage difference between the market

value of equity and the value estimated by the model. These results turn out to be close to those
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of Kaplan and Ruback (1995), who do a similar analysis to assess the empirical performance of

the DCFM in the context of highly leveraged transactions.18

[Insert Table I here]

Figure 1 shows the evolution of the mean value of the market-to-value ratio (line with crosses)

over the period 1990-2013. In accordance with the results in Table I, the ratio is close to the

value of 1 the whole period. As benchmark, we add the mean market-to-book ratio (line with

solid squares), which is the market value of equity (P) divided by the book value of equity (B).

Both lines attain their maximum values at the end of the 1990s, around the culmination of the

stock market surge. It is also clear the impact of the market crash in 2008 on mean P/V, shifting

it toward 1.

[Insert Figure 1 here]

We close this subsection analyzing the association between our model estimates and contem-

poraneous stock prices. That is, we ascertain the proportion of the variation in current prices

that is explained by the predictions of the dynamic DDM. Accordingly, we estimate the following

basic model

Pi,t = α+ βVi,t + εi,t (11)

where P denotes the market value of equity and V represents the value estimated by the model.

In this specification, i indexes firms, t indexes time periods, and εi,t is an iid random term. In

theory, an intercept of zero and a slope of one imply that our model produces unbiased estimates

of market values.

The first column in Table II shows the results from this regression. We cannot reject the

hypothesis that the intercept is zero (t = 1.16). In addition, the slope is very close to one

18Appendix 1 contains a sensitivity analysis of these valuation results with respect to the growth rate and the

equity risk premium.
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(β = 1.02) and statistically significant (t = 49.90). With an r-squared of 75.8%, the dynamic

DDM explains a large proportion of the variation in current stock prices.

[Insert Table II here]

We finally explore the role of the different parts of the dynamic DDM in explaining the

variability of contemporaneous stock prices. Proposition 1 shows that the stock price estimated

by the model can be separated in the after-shock book value of equity and the going-concern

value. Accordingly, we estimate the following model

Pi,t = α+ β1Bi,t + β2Gi,t + εi,t (12)

where B denotes the after-shock book value of equity in our model (which we equate to the book

value of equity in our sample), and G represents the going-concern value in our model, which is

given by the last term in equation (6). The results from this regression are in the second column

of Table II. The intercept is not significantly different from zero (t = 0.78) and both regressors

have statistically significant coeffi cients that are relatively close to one. These results suggest

that those model components are important determinants of the stock price. In addition, the

r-squared from this regression increases to 77.8%.19

Overall, our valuation results suggest that the dynamic DDM produces equity value estimates

that are consistent with market prices and explain a large part of the variation in current stock

prices. We next explore the possibility to use the model to exploit the differences between market

and estimated values.

4.2 Forecast of Future Stock Returns

In the previous subsection, we showed that the dynamic DDM produces value estimates that are,

on average, very close to contemporaneous share prices. Nevertheless, the fact that our model
19As benchmark, the third column in Table II displays the results from regressing the market value of equity on

the book value of equity. As usual, the intercept is significantly different from zero (t = 11.68). In addition, while

statistically significant (t = 30.08), the slope (β = 2.11) is far from one. Consistently with previous studies, the

r-squared is 53.2%.
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does not explain 100% of the variation in current stock prices shows evidence of temporary or

short-run deviations between market prices (P) and estimated values (V) for individual stocks.

In this subsection, we show that these differences can be economically exploited.

To achieve our goal, we first construct portfolios based on the ranking of (demeaned) P/V of

the firms in the sample.20 We then form quintile portfolios where lower quintiles include firms

with low P/V and higher quintiles include firms with high P/V. Firms in the lower quintile

portfolios are, in principle, undervalued and are, therefore, expected to experience higher stock

returns in the near future. The opposite is true for firms in the higher quintile portfolios. The

last step consists in implementing a buy-and-hold strategy and involves taking a long position in

the bottom quintile portfolio and a short position in the top quintile portfolio.21

Panel A in Table III displays the results of the just described buy-and-hold strategy. The

column labeled Q1-Q5 shows that the latter earns 22.40%, 36.95%, and 49.09% on average over the

12, 24, and 36 months following the portfolio formation, respectively. The following column shows

that those returns are statistically significant. In the eigth column we exhibit the same returns,

but adjusted by the risk implied by the strategy (i.e., the ratio return/standard deviation of

returns). The last column reports the percentage of periods in which the strategy earned positive

returns. Specifically, it shows that in 95% of the periods (i.e., 19 out of 20 years), the strategy

produced positive returns after 36 months of portfolio formation. Overall, these results provide

evidence that differences between market prices (P) and our estimated values (V) can indeed be

profitable exploited.

To appreciate the magnitude of our previous results, we compare them with a buy-and-

hold strategy based on the market-to-book ratio (P/B), which is one of the most well-known

accounting-based ratios that exhibit predictive power for stock returns (Fama and French, 1992).22

Panel B of Table III shows that the buy-and-hold strategy using P/V considerably outperforms

20We demean P/V of each firm to eliminate the effect of systematic differences between the market and the

estimated value of equity.
21To evaluate this strategy, we form quintile portfolios from 1990 through 2009 (i.e., 20 periods) and track the

cumulative returns of the strategy over the following 36 months. We restrict the sample to December year-end

firms so that the financial information of all the included firms correspond to the same moment. The resulting

subsample represents roughly 90% of the original sample.
22An analogue comparison appears in Frankel and Lee (1998).
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the P/B strategy in each of the three investment horizons. For example, over the period of 36

months, the former yields roughly 20% more than the latter (49.09% versus 29.10%) on average.

Column 8 shows that this result still holds if we adjust the corresponding returns in terms of

risk.23 Finally, the t-statistics and the percentage of winner periods of the P/B portfolios are, in

general, lower than those of the strategy with the market-to-value ratio.

[Insert Table III here]

To highlight our previous results, Figure 2 graphically displays the evolution of the average

returns of the P/V and P/B portfolios over the 36 months after portfolio formation. Overlaying

the two lines are fitted curves that display the general trends, and corroborate our previous

observations. The concavity or flattening of the general trends reflect the fact that the benefits

from the information available at the moment of portfolio formation diminish as time pases.

[Insert Figure 2 here]

5 Conclusion

We derive a dynamic version of the dividend discount model (DDM) in closed-form and evaluate

its empirical performance. The implementation of our method relies on widely available financial

data and implies a new valuation approach that involves two simple steps. First, model parameters

(i.e., the proxies for the economic fundamentals of the firm) must be calibrated or estimated.

Second, the model uses current data on book value of equity and gross profits to determine

the stock price. It does so by systematically projecting the infinite sequence of future expected

dividends. Thus, our model does not require to actually forecast any future value (including a

terminal value), helping to reduce the degree of discretion on the user side.

23To evaluate the robustness of this result, we also computed two other common measures of return-to-variability

– the Sharpe and Treynor ratios. We obtained analogue results.
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The empirical evaluation of the dynamic DDM yields promising results. First, we find that

our model forecasts stock prices consistently, that is, model estimates are very close to market

prices on average. Second, the model explains a large proportion (around 75%) of the observed

variability in current stock prices. Finally, we find that the model can be used to predict future

stock returns in the cross-section of firms by exploiting temporary differences between market

prices and model estimates. For instance, constructing portfolios based on the ratio of the market

value of equity to the equity value estimated by the model, we find that simple buy-and-hold

strategies earn considerable positive returns over the three following years (e.g., an average of

around 22%, 37%, and 49% returns after 1, 2, and 3 years, respectively, of portfolio formation).
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6 Appendix 1: Sensitivity Analysis

In this appendix, we discuss the valuation results in the context of a sensitivity analysis with

respect to the equity risk premium and the growth rate. These are the only two parameters for

which we choose specific values for all firms.

Panel A in Table IV shows the results for the base case with a growth rate of 0.03 and an

equity risk premium of 0.06. Panel B suggests that reducing the equity risk premium to 0.04

makes the median value of P/V decrease to 0.64, while increasing the former to 0.08 makes the

latter go up to 1.36. The last column shows that the median absolute error increases when we

change the equity risk premium from the base case in any direction (i.e., up or down). That

is, the median absolute error becomes a minimum close to the value of 0.06 for the equity risk

premium.

Panel C in Table IV displays the effects of varying the growth rate. A reduction in the growth

rate increases the median market-to-value ratio monotonically, and vice versa. As with the equity

risk premium, changing the base case growth rate in any direction increases the median absolute

error. Overall, these results suggest that our choice of the base case values for these parameters

is reasonable.

[Insert Table IV here]
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7 Appendix 2: Proofs

The proof of Proposition 1 requires an intermediate result that we present next.

Lemma 2 Restricting debt to be risk-free, the maximum level of book leverage in each period is

given by

`∗ =
1− (f + δ) (1− τ)
1 + rB (1− τ)

. (13)

Proof We say debt is risk-free if, in every period, the following inequality is true for all z′

(
z′K ′

α − fK ′ − δK ′ − rB`K ′
)
(1− τ) +K ′ − `K ′ ≥ 0. (14)

That is, risk-free debt implies that next-period, after-shock book value of equity must be weakly

positive for all z′.24 In other words, net profits,
(
z′K ′

α − fK ′ − δK ′ − rB`K ′
)
(1− τ), plus the

sale of assets, K ′, must be suffi cient to cover debt, `K ′.

Given that the worst-case scenario is z′ = 0, the maximum book leverage ratio consistent

with risk-free debt, `∗, satisfies

(
−fK ′ − δK ′ − rB`∗K ′

)
(1− τ) +K ′ − `∗K ′ = 0. (15)

Working on the previous expression, we can derive the maximum level of book leverage as

`∗ =
1− (f + δ) (1− τ)
1 + rB (1− τ)

(16)

which completes the proof.25 �

Proof of Proposition 1

The maximization in equation (5) requires a normalization of growing variables that keeps the

expectation of the payoff function in the future periods bounded. This normalization is equivalent

to the one used to find the solution of the canonical Gordon Growth Model. Let vector X̃t ={
K̃t, B̃t, Ỹt, Ñt, L̃t, S̃t

}
contain the growing variables of the model. We then transform vector X̃t

24The same result is true if we define risk-free debt using the market value of equity as opposed to the book

value of equity. That is, in both cases we arrive at equation (13) as the maximum level of book leverage consistent

with risk-free debt. In order to simplify notation, we use the book value of equity.
25The restriction (f + δ) (1− τ) ≤ 1 described in Section 2 also guarantees that `∗ ≥ 0.
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in the following way: Xt = X̃t/(1+ g)
t. Using the normalized variables and modifying the payoff

function accordingly, the market value of equity can be expressed as

S0 (K0, B0, z0) = max
{Kt+1,Bt+1}∞t=0

E0
∞∑
t=0

(1 + g)t∏t
j=0

(
1 + rSj

)Lt (17)

subject to keeping debt risk-free. Because we use the Adjusted Present Value method of firm

valuation, we solve the problem of the firm in equation (17) in three steps. First, we determine

the value of the unlevered firm, Su0 (K0, z0). Second, we solve for optimal debt and compute

the present value of the financing side effects. Finally, we obtain the value of the levered firm in

equation (17).

The market value of equity for the unlevered firm can be expressed as

Su0 (K0, z0) = max
{Kt+1}∞t=0

E0
∞∑
t=0

(
1 + g

1 + rA

)t
Lut (18)

where Lut = Nut−(Kt+1 −Kt) and Nut = (Yt − fKt − δKt) (1− τ). We let normalized variables

with primes indicate values in the next period and normalized variables with no primes denote

current values. Then, the Bellman equation for the problem of the firm in equation (18) is given

by

Su (K, z) = max
K′

{
(zKα − fK − δK) (1− τ)− (1 + g)K ′ +K +

(1 + g)

(1 + rA)
E
[
Su
(
K ′, z′

)
|z
]}

.

(19)

We use the guess and verify method as the proof strategy. Thus, we start by guessing that

the solution is given by

Su (K, z) = (zK
α − fK − δK) (1− τ) +K +M (z)P ∗u (20)

where

M (z) = e
− 1
2
σ2 α

(1−α)2
∞∑
n=1


(
1 + g

1 + rA

)nc 1−ρn1−ρ zρ
n
e
1
2
σ2
(1−ρ2n)
(1−ρ2)

1
(1−α)

 1
1−α
 , (21)

P ∗u =
(
W ∗

α − fW ∗ − δW ∗
)
(1− τ)− rAW ∗, (22)

W ∗ =

(
α

rA
1−τ + f + δ

) 1
1−α

. (23)

We obtained this initial guess as the solution of equation (19) by the backward induction method.
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We now verify our guess. To this end, let us write

Su (K, z) = max
K′

{
F
(
K ′,K, z

)}
(24)

with F defined as the objective function in equation (19).

The FOC for this problem is

∂F
(
K ′,K, z

)
/∂K ′ = − (1 + g) + (1 + g)

(1 + rA)

[(
E
[
z′|z
]
αK∗α−1 − f − δ

)
(1− τ) + 1

]
= 0 (25)

and optimal capital turns out to be

K∗ = E
[
z′|z
] 1
1−α W ∗ (26)

where W ∗ is as in equation (23).

Finally, the market value of equity for the unlevered firm becomes

Su (K, z) = (zK
α − fK − δK) (1− τ)− (1 + g)K∗ +K+

(1+g)
(1+rA)

[(E [z′|z]K∗α − fK∗ − δK∗) (1− τ) +K∗+

E [M (z′) |z]P ∗u ]

= (zKα − fK − δK) (1− τ) +K − (1 + g)E [z′|z]
1

1−α W ∗+

(1+g)
(1+rA)

{
E [z′|z]

1
1−α

[(
W ∗

α − fW ∗ − δW ∗
)
(1− τ) +W ∗

]
+

E [M (z′) |z]P ∗u}

= (zKα − fK − δK) (1− τ) +K+
(1+g)
(1+rA)

(
e
− 1
2
σ2 α

(1−α)2E
[
z′

1
1−α |z

]
+ E [M (z′) |z]

)
P ∗u

= (zKα − fK − δK) (1− τ) +K +M (z)P ∗u

(27)

which is equivalent to our initial guess in equation (20).

Next, we obtain optimal debt. In each period, the firm solves the following problem

B∗ = max
B′

{
B′ − 1

(1 + rB)
B′ [1 + rB (1− τ)]

}
(28)

subject to the restriction of risk-free debt. Because τ > 0, the firm increases debt as much as

possible (as long as it remains risk-free) in order to maximize the tax benefits of debt. Then,

optimal debt is B∗ = `∗K∗ where

`∗ =
1− (f + δ) (1− τ)
1 + rB (1− τ)

, (29)
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as shown in Lemma 2. The present value of the financing side effects turns out to be

Q (z) =
(
1+g
1+rA

){(
1+rA
1+rB

)
rBτB

∗ + E [Q (z′) |z]
}

=M (z)
(
1+rA
1+rB

)
rBτ`

∗W ∗
(30)

where M (z) is as in equation (21). Under this financial policy, the amount of debt and interest

payments will vary with the future asset cash flows (i.e., they depend on future firm performance).

Then, because future interest tax shields will have a level of risk in line with that of the firm cash

flows, we use the cost of capital, rA, as the discount rate.

The third step consists in obtaining the market value of equity for the levered firm. If we

assume the firm used debt B in the previous period, and now has to pay interest rBB (1− τ),

then the stock price for the levered firm is

S (K,B, z) = Su (K, z) +M (z)
(
1+rA
1+rB

)
rBτ`

∗W ∗ −B − rBB (1− τ)

= (zKα − fK − δK − rBB) (1− τ) +K −B +G (z)
(31)

where G (z) =M (z)P ∗ and variable P ∗ takes the form

P ∗ =
(
W ∗

α − fW ∗ − δW ∗
)
(1− τ)− rAW ∗ +

(
1 + rA
1 + rB

)
rBτ`

∗W ∗. (32)

The last part of the proof consists in transforming normalized variables back into growing

variables. For this step, we return to the initial notation with growing variables, where next-

period assets are K̃t+1 and current-period assets are K̃t. Then, the required transformation is:

X̃t = (1 + g)tXt, where vector Xt = {Kt, Bt, Yt, Nt, Lt, St} contains the normalized variables of

the model. Finally, the optimal decisions of the firm with growing variables are given by

K̃∗t+1 (zt) = (1 + g)
t+1E [zt+1|zt]

1
1−α W ∗ and B̃∗t+1 (zt) = `∗K̃∗t+1 (zt) (33)

and the growing market value of equity is

S̃t

(
K̃t, B̃t, zt

)
=
[
(1 + g)t(1−α) ztK̃

α
t − fK̃t − δK̃t − rBB̃t

]
(1− τ) + K̃t − B̃t + G̃t (zt) (34)

as shown in Proposition 1. �
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Figure 1. Evolution of the market-to-value ratio. The figure displays the evolution over time

of the mean market-to-value ratio (line with crosses) and the mean market-to-book ratio (line with solid

squares) for a sample of firms included in the S&P 100 Index as of March 2014. The sample covers the

period 1990-2013. The market-to-value ratio is the market value of equity divided by the value estimated

by the model. The market-to-book ratio is the market value of equity divided by the book value of equity.
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Figure 2. Cumulative buy-and-hold returns. The figure displays the cumulative returns of

the buy-and-hold strategies for the P/V and P/B portfolios during the 36 months following portfolio

formation. These portfolios are constructed with a sample of firms included in the S&P 100 Index as of

March 2014. The sample covers the period 1990-2013. P/V is the market-to-value ratio (i.e., the market

value of equity divided by the equity value estimated by the model). P/B is the market-to-book ratio (i.e.,

the market value of equity divided by the book value of equity). Portfolios are formed by sorting firms

into quintiles according to their P/V and P/B ratios at the end of May of each year. The buy-and-hold

strategy consists in buying firms in the bottom quintile and selling firms in the top quintile.
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Table I

Valuation Results

The table shows the valuation results of the dynamic DDM for a sample of firms included in the S&P 100

Index as of March 2014. The sample covers the period 1990-2013. P/V is the market-to-value ratio (i.e.,

the market value of equity divided by the equity value estimated by the model). The log(P/V ) results

derive from computing the log of the market-to-value ratio. The first line in Panel B shows the percentage

of times that the value estimated by the model is within 15% of the market value of equity. The second

line in Panel B shows the median value of the absolute difference between the equity value estimated by

the model and the market value of equity (in percent). The third line in Panel B shows the median value

of the squared difference between the value estimated by the model and the market value of equity (in

percent). t-statistics are in parentheses.
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Table II

Regression of the Market Value of Equity

The table shows the results from different cross-sectional regressions of the market value of equity. In

column (1), the regressor is the equity value estimated by the model. In column (2), the regressors are the

book value of equity and the going-concern value estimated by the model. In column (3), the regressor is

the book value of equity. The sample is composed of firms included in the S&P 100 Index as of March

2014, and covers the period 1990-2013. t-statistics are in parentheses.
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Table III

Cumulative Buy-and-Hold Returns of Quintile Portfolios

The table presents the cumulative buy-and-hold returns of three different strategies. P/V Portfolios is the

strategy that constructs portfolios based on the ranking of the market-to-value ratio (P/V ). P/B Portfolios

is the strategy that constructs portfolios based on the ranking of the market-to-book ratio (P/B). Hybrid

Portfolios is the strategy that constructs portfolios based on mixing the previous two in equal parts (i.e.,

50% of the P/V Portfolios and 50% of the P/B Portfolios). Ret12, Ret24, and Ret36 are the average

12-month, 24-month, and 36-month buy-and-hold returns of each strategy, respectively. Q1-Q5 is the

average spread of returns between the lowest (Q1 ) and highest (Q5 ) quintile portfolios. Ret/Risk is the

ratio of the portfolio return to its standard deviation of returns. % Winners is the percentage of periods

(out of 20) in which the strategy yielded positive returns.
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Table IV

Sensitivity Analysis

The table shows the sensitivity analysis of the market-to-value ratio for a sample of firms included in the

S&P 100 Index as of March 2014. The sample covers the period 1990-2013. P/V is the market-to-value

ratio (i.e., the market value of equity divided by the equity value estimated by the model). The median

absolute error is the median value of the absolute difference between the equity value estimated by the

model and the market value of equity (in percent).
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